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In this paper, we provide new proofs of existence and uniqueness of a Stackelberg
market equilibrium for a multiple leader-follower noncooperative oligopoly model in which
heterogeneous firms compete on quantities. To this end, we consider a two-step game of
perfect and complete information in which many leaders interact strategically with many
followers. The Stackelberg market equilibrium constitutes a pure strategy subgame perfect
Nash equilibrium of this game. The existence (and uniqueness) problem is complexified
in this framework since strategic interactions occur within each partial game but also
between both partial games through sequential decisions. Then, to prove existence, we
notably provide a new procedure to determine (the conditions under which) the optimal
behavior of the followers (may be written) as functions of the leaders’ strategy profile only.
Some examples outline our procedure and discuss our assumptions.
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1. INTRODUCTION

Stackelberg competition (1934) portrays a model of a market economy in which
strategic firms move sequentially and compete on quantities. In the basic duopoly
model one firm (the leader) moves first and makes her decision by taking into con-
sideration the reaction of the other firm (the follower). The leader perfectly knows
her rival best response function. The follower can set his own supply according
to any possible function of the quantity set by the leader, with the belief that the
leader will not counter-react. Similarly, the leader expects the follower to conform
to the decisions given by his best response function. A Stackelberg equilibrium
(SE thereafter) is a noncooperative equilibrium of a two-step game with perfect
and complete information where the players are the firms, the strategies are their
production decisions, and their payoffs are their profit functions. A SE constitutes a
pure strategy subgame perfect Nash equilibrium (SPNE). Existence and uniqueness
of SE are studied by Robson (1990) in the T-stage model of Boyer and Moreaux
(1986), with one monopoly firm per stage. Alj et al. (1988) and Freiling et al. (2001)
show existence in differential duopoly games. The common feature of these models
is the leader behaves as a monopolist by using the well-defined follower’s best re-
sponse. But the existence (and uniqueness) problem is complexified with multiple
leaders and followers as strategic interactions also occur within step of the game.
As a consequence, in the presence of heterogeneous followers, the best responses
could not be well-defined. This problem is the starting point of this paper.



This paper deals with the existence and uniqueness of a SE in a multiple leader-
follower model. To this end, we consider an extension of the two-stage deterministic
and static noncooperative multiple leader-follower oligopoly model introduced by
Sherali (1984). There are several leaders and followers who compete on quantities
to sell one homogeneous divisible product. This hierarchical model consists of two
Cournot competitions encompassed by a Stackelberg competition. This model is
thus described by a two-step game which embodies two simultaneous move partial
games. Indeed, the leaders play a two-step game with the followers, but the leaders
(the followers) play together a simultaneous move game. We assume the timing of
positions is given. Information is assumed to be perfect and complete. Thus, we
look for pure strategy SPNE. In addition, we focus on the case where pure strategies
are substitutes. Existence and uniqueness problems are complexified in this frame-
work since strategic interactions occur within each partial game but also between
both partial games through sequential decisions. One difficulty stems from the fact
that any leader faces many followers optimal decision mappings. In a decentral-
ized economy firms determine their optimal decisions without central coordination
device: each individual firm acts independently and without communication with
any of the others (see notably Johansen (1982) and Daughety (2009)). Therefore,
the resulting followers’ (leaders’) optimal decision mappings might be mutually
inconsistent. More specifically, the followers’ optimal decisions must be internally
consistent to solve the game. Under this consistency requirement, the set of opti-
mal decision mappings of followers can determine the best responses as functions of
the strategies of leaders only. This problem is eluded in the literature and deserves
more careful study. One novelty of our paper is that we provide a simple consistency
criterion which determines the conditions under which such best response functions
may be obtained. Our criterion also creates a logical link between the two partial
games to study existence and uniqueness issues. Indeed, our existence and unique-
ness proofs stem from a consistency (sufficient) condition among followers’ decision
mappings, each function being based on decentralized optimizing behavior.

Existence and uniqueness have already been explored in the multiple leader-
follower model. Sherali (1984) shows existence and uniqueness with identical convex
costs for leaders, and states some results under the assumptions of linear demand
either with linear or quadratic costs (see also Ehrenmann (2004)). Sherali’s model
constitutes an extension of the seminal paper of Murphy et al. (1983) which covers
the case of many followers who interact with one leader. In their model the authors
provide a characterization of the SE and an algorithm to compute it. They state a
Theorem 1 which gives the properties of the aggregate best response of the followers
as a function of the leader’s strategy. This determination stems from a family of
optimization programs for the followers conceived as a price function perturbed by
the supply of the leader. They show this aggregate function is convex, and then,
study the leader’s problem. But they do not study the conditions under which
the followers’ optimal decisions are mutually consistent. In the same vein, Tobin
(1992) provides an efficient algorithm to find a unique SE by parameterizing the
price function by the leader’s strategy. Some strong assumptions on the thrice-
differentiability of the price function and cost function of the leader profit function
are made. Following De Wolf and Smeers (1997) who extend Murphy et al. (1983),
De Miguel and Xu (2009) extend (1984) to uncertainty with stochastic market
demand. Unlike Sherali (1984) they allow costs to differ across leaders. Nevertheless,
to show the concavity of the expected profit of any leader, they assume that the
follower aggregate best response is convex. But as this assumption does not always



hold, they must resort to a linear demand. Fukushima and Pang (2005), Yu and
Wang (2008), and He et al. (2015) prove existence of an equilibrium point of a finite
game with two leaders and several followers without specifying the assumptions
made on demand and costs. In this paper, we consider a simple deterministic
version of the hierarchical model without strategic complementarities.

Our contribution to the literature is twofold. First, existence and uniqueness of
a SE are obtained under weaker assumptions on cost and demand functions. The
demand function is not specific and firms may not bear the same costs. In addition,
by contrast with Sherali (1984), Ehrenmann (2004) and De Miguel and Xu (2009),
some firms (not all) may have nonconvex costs. Second, we provide a new proce-
dure to characterize a SE, and thereby to prove its existence and its uniqueness. A
SE is the outcome of a decentralized mechanism through which seperate rational
firms interact strategically. Indeed, our model is made up of two partial games
encompassed by an entire game. Within each partial game the behavior of any
leader (follower) is based on a separate maximization program. Therefore, the com-
patibility among individual decisions should be satisfied within each step, but also
between both steps of the game. The link between the two partial games is studied
through a system of equations which specifies a mutual consistency condition which
is critical to derive followers’ best responses. To this end, we provide a criterion
to obtain the best responses from which we derive the effective demand which ad-
dresses to any leader. This criterion works under some regularity conditions linked
to differentiability.

Within this framework we obtain the following results. First, we determine the
optimal decision of any follower as a function of the strategy profiles of the other
followers and of the leaders. We show such functions are decreasing, with bounded
partial derivatives. Then, we consider the existence of the best response functions
of followers. To this end, we give a criterion to test the consistency of the system of
equations which allows the determination of best responses. Hence, if the Jacobian
matrix of followers best responses is of full rank, then, each follower’s best response
may be written as a function of leaders’ strategy profile. Then, we consider any
leader’s problem when she faces the effective demand, that is, the price as a function
of leaders’ strategy profile only. We also study the optimal decisions of leaders.
Third, we consider the entire game and show existence and uniqueness of an active
SE, i.e., an equilibrium with strictly positive strategies. Existence is shown by using
some fixed point argument. Uniqueness is obtained by using some mild assumptions
on costs and demand functions. The advantages of our approach are threefold. First,
we provide a characterization of the strategic equilibrium which brings into light
a consistency criterion. The possibility to solve the game depends on whether our
criterion is satisfied. If the criterion holds, our finite extensive form game of perfect
information may have a unique pure strategy SPNE. Second, we make some general
assumptions on costs and demand functions. Third, our procedure puts forward the
beliefs of leaders: by construction of a SE they know the reactions of the followers
through the slope of the aggregate best response. Indeed, any leaders’ markup and
Lerner index, derived from the optimality conditions, are expressed in terms of this
slope. Thus, the behavior of leaders deserve also to be analyzed in detail.

The remaining of the paper is organized as follows. In section 2 we present
the model. Section 3 is devoted to a definition of the SE which relates to rational
behavior and to our consistency criterion. Existence and uniqueness are studied
in Section 4. Section 5 provides some examples to discuss our assumptions and to
illustrate our criterion. In section 6 we conclude.



2. THE MODEL

The model is described in three steps. First, we set up the framework and fix
some notations. Second, we give two assumptions and we discuss each of them.
Third, we complete the description of the model with the associated game.

2.1. Framework and notations

Consider an oligopoly market with a single divisible homogeneous product.
There is a finite set of firms F which embodies two types of firms labeled F' and
L. Thus, the set F partitions into two subsets Fr={1,...,nr} and Fp={1,...,nr},
with Fp UFp = F and F;, N Fp = &. We consider |Fr| > 1 and |Fr| > 1, where
|A| denotes the cardinality of the set A. Firms of type L are leaders, while firms of
type F' are followers. Leaders are indexed by i and followers are indexed by j.

We adopt the following notational conventions. Let x € R’}. Then, x > 0 means
x; 20,1 =1,...,m; x > 0 means there is some i such that x; > 0, with x # 0,
and x >> 0 means x; > 0 for all 4, i = 1,..,n. Let x;, = (a},...,2%,...,27%)
be a strategy profile of leaders, and xp = (xL, ...,x%, ..., &) be a strategy pro-
file of followers, where x% and x%, represent respectively the supply of leader

i € Fr, and of follower j € Fp. In addition, let x;* = (mi,...,xiil,xiﬂ,...,le)
and x5/ = (ak, .., 2% Lot . 2)). We sometimes consider X, = 3z}
i€FL
and Xp = > z%. In addition, let X;' = > a7, with X;' = X — 2%,
) JEFF ] ) fiEfL
and X7 = Y a7, with X7 = Xp — 2. Let f be a function defined by

—JjE€FF
f:ACR"* — B CR, with z — f(z). The partial derivative of f with re-

spect to z; will be denoted by %, i =1,...,n. When n = 1 the derivative is %.

The partial derivative of f with respect to z; at z; = z; is denoted by g—i(ii).
The same holds with %(Z). A m dimensional vector function F is defined by F :
A CR" — B CR™, with F(z) = (f'(2), ..., f/(2), ..., f™(2)). The notation z(y),
where y € R¥, means that each z; is a function of y. The Jacobian matrix of F(z)
with respect to z at zZ will be denoted by Jr(Z), with Jr(z) = GRS LS i)

O(21,...,,2%,..,2") |°
Let |Jr(Z)| be the determinant of Jr at z. Finally, when the distinction matters,
if we partition z in such a way z = (x,y), then Jr, (Z) is the Jacobian matrix of
F(z) at Z when the differentiation is partial and made with respect to x only. The
corresponding determinant is denoted by |Jr, (Z)|.

2.2. Assumptions: statement and discussion

We now make some assumptions regarding the demand side and the supply side
of the market. There is a continuous market demand function D(p) which balances
the aggregate supply X, with X = Xy + Xp. It represents the maximum price
the consumers are willing to pay to buy the quantity X as well the minimum price
the firms are willing to charge to sell the corresponding production X. Indeed, let
X + p(X) = D7Y(X) be the market inverse demand function. We make the
following set of assumptions regarding p(X), which we designate as Assumption 1.



Assumption 1. The price function p(X) satisfies the following:
(1a) p(X) > 0 for all X >0, with p(X) € C?*(Ry4);
(1b) dp(X) <0 for X > 0;

(1c) Va: >0, dp(X) + kx dd@(ﬁ) 0, where k > 0.

(la) says that the inverse demand function p(X) is positively valued, and it
may or may not intersect both the quantity axis and the price axis. We do not
preclude that the price function intersects only one of the two axis. For instance,
ifp(X):%—1WithnF:nL:1yieldst:iandxp— 47WlthX—l If it
would intersect only the price axis since we had limx_,o p(X) = p > 0 (for instance:
p(X) =v1—X with |Fp| =|F,| =1 yields 1, = § and zp = §). Therefore, (1a)
does not impose too stringent property on the market demand function: it may be
strictly concave (convex) or linear, without imposing some boundary conditions.
(1a) also says that p(X) is well-behaved: it is twice continuously differentiable
on the open set Ry ;. This assumption will be useful notably to characterize the
optimal behavior in a Stackelberg market in Section 3.

(1b) is obvious.

(1c) stipulates that marginal revenue for any single firm is a decreasing function
of total industry output. This formulation deserves two comments. First, we do
not impose ”Zf;g? < 0, so we do not preclude (strictly) convex market demand
functions. Second, our formulation of the decreasing marginal revenue hypothesis
embodies the parameter k. For any follower firm, we have k = 1, as in the Cournot
model (Hahn (1962), Okugushi (1976)). However, for any leader firm & may be gen-
erally different from unity unless leaders behave as followers (see Section 3). Our
formulation puts forward an important feature of Stackelberg competition which
explicitly takes into account leader firms have perfect information regarding the
optimal reactions of followers to change in their strategies (Julien (2011)).

Each firm bears some costs. Cost functions satisfy the following set of assump-
tions, which we designate by Assumption 2.

Assumption 2. The cost function c"(z"), h € F, satisfies the following:
(2a) Vh € F, c(z") > 0 for all x > 0, c(z") € C?(R4);

(2b) Vh € F, dc<§>—kdp<x>>o k>0 for each a" > 0;

(2¢) p(0) > max{ (0), h e ]-'}, and there exists X* > 0 large enough for
which 4 (X*) = p(X™*), for all X > X*,Vh € F.

dxh

Let i (%), for each i € F,, and ch(m%), for each j € Fp.

(2a) stipulates that the cost functions are positive and twice continuously dif-
ferentiable on the open set R ;.

(2b) requires that the marginal cost rises faster than the decrease in the average
revenue (the price). Let us notice costs may be different and need not be convex for
all firms, but it precludes concave costs for all firms. In the presence of increasing
returns, ﬁrms should supply nothing. For instance, if |Fp| = |Fr| = 1, with
p(X) =4, and cp(zp) = In(1+2F) and ¢ (z1) = 2,/Z 1, then the market outcome
is the trivial solution, i.e., z; = xr = 0. Hence, market outcomes with positive
supplies require smooth costs. This condition is not stated exactly in the same way
for leaders and for followers since leaders know the reactions of followers.



(2¢) stipulates two things. First, the maximum price exceeds the higher mar-
ginal costs. It is assumed in all models; in particular the standard linear model
with linear demand p(X) = a — bX and constant marginal costs ¢; and cg, with
c1 > cg, considers a > c¢;. Second, industry supply is bounded if there is some
large output level for which marginal costs exceeds any firm’s revenue, leading to
negative marginal profits. Hence, to prevent high production supply, we assume no
firm wishes to produce such a large quantity. Therefore, there is an upper bound
on the production set, which compactifies the set of possible supply (see Murphy
et al. (1983)). Thus, (2¢) is a weakening of the usual assumption made on inverse
market demand; we do not assume there is some finite large quantity X < oo for
which p(X) =0, for all X > X (Frank and Quandt (1963), Novshek (1985)).

The profit functions 7% (.) of firm i and 71'%,() of firm j may be written:

T (2, x1 xp) = p(X)zh, — i (a}), i € Fr (1)

T (25, X5 x1) = p(X)ap — cp(23:), j € F. (2)

PROPOSITION 1. Let Assumption 1 and (2a)-(2b) be satisfied. Then, the profit
function (2) is strictly concave with respect to x%, gwen x5’ and xr.

Proof. Differentiating partially twice (2) with respect to 27, and using (1c) and

2_j .2 2.0 (0
(2b) with & = 1, we deduce 75, = 2920 4 7 2L Lkln)
@s%) (da)

Remark 1. A rather more complicated expression than the preceding one holds
for any leader (see Section 4, Remark 2).

2.3. The Stackelberg game

To this economy we associate a game I'. The players are the firms, the strate-
gies are the production decisions, and the payoffs are the profits. Let S} =

{le eER, :0< 2t < X*} and S% = {x% €R+:O<x{p < X*} be the strategy

sets of leader i € Fy, and follower j € Fr respectively. The supply x% (resp. :z:g,;)
represents the pure strategy of leader i € Fp, (follower j € Fp). A strategy profile

will be represented by the vector (xr,xp), with (x.,xp) € [[ Six [] S%. The
i€FL JEFF

corresponding payoffs are given by 7%, i € Fr, and W%, jeFr.

This game displays two stages of decisions and no discounting. We also assume
the timing of positions as given. Thus, this hierarchical model consists of two
Cournot competitions encompassed by a Stackelberg competition. Indeed, the ny,
leaders play a two-step game with the ng followers, but the leaders (the followers)
play a simultaneous moves game. Finally, information is assumed to be complete and
perfect. It notably implies that any leader perfectly knows the followers’ behavior.
Any leader is able to perceive the reactions of any follower. Perfect information
also implies that, for any follower, each information set is a single decision node. In
addition, in each decision node, any follower makes an optimal choice, so sequential
rationality prevails. As sequential rationality is common knowledge, the game is
solved by backward induction, considering first the optimal strategic decisions of
the followers, and then the optimal strategic choices of the leaders.



3. OPTIMAL BEHAVIOR

In contrast with the duopoly game the behavior of firms are complexified in this
model. First, given a feasible strategy profile for the leaders xr,, each follower will
determine her optimal decision as a mapping whose arguments are the strategies
of all other followers and the strategies of all leaders. But the followers optimal
decisions must be consistent. This consistency means that each optimal decision
mapping may be reduced to a best response function of the leaders’s strategies only.
The following subsections provide three Lemmas. Lemmas 1 and 3 characterize
followers and leaders behavior respectively, while Lemma 2 provides a consistency
condition to determine the effective demand which addresses to any leader.

3.1. The followers
DEFINITION 1. Let ¢/ : [] Sp? x [ Si — Sk, with ¢/ (x7,x1) = {z}, €
o . —jEFF i€ FL
S} : o}, € argmax (2}, X, x1,) } be follower j’s optimal decision, j € Fp .

LEMMA 1. Let the function p(.) satisfies Assumption 1, and the functwns CJF( ),

J € Fr, satisfy Assumption 2. Then, for each j € Fp, the mapping ¢’ (x”,x1) is
well defined, point-valued (a function) and continuously differentiable.

Proof. The mapping ¢ (xr,, x;j ) is well defined. The program of follower j con-
sists in maximizing 7% (2}, X", X1 ), a strictly concave function with respect to 7
(by Proposition 1), subject to z% € [0, X*], a nonempty and compact (convex) set
(by (2¢)). As the profit function is strictly concave it is continuous. Then, from the
Weierstrass Theorem, the set arg max {W%(az}, be) j €[0,X *]} is nonempty, so
there exists ¢’ : [] SF X HSL — S, such that x = ¢j(x;j7xL), j € Fp.

—J#j
In addition, from Proposition 1, we deduce ¢’ (x5 7. x1) is point valued. We now
characterize follower j’s optimal behavior. Let £ be the Lagrangian and X’ and p/
the nonnegative Lagrange multipliers. Then, given xr,, with x;, € [[ S}, follower
i

j’s optimal decision is the solution to:

maxﬁ(m%,x}j,x,;,/\j,uj) 7TJF(J:-;”XF 7XL)+AJ'7;] +,LL (X _‘rF) JjeFr. ( )

The Kuhn-Tucker conditions may be written:

oL orl.
= SN W =05 eFr ()
Oz 8xF
N> 0, xF > 0, with )\JacF =0
W= 0, (X —al) >0, with 4/ (X* —2d) =0,
where Z ;= = p(X) + 27, iic’l())(f) _ dc;;(;c@ From (1a), we have either ¢/ (x7,x1) = 0

or ¢ (x5’ ,XL) > 0. Therefore, if #7, > 0, then A’ = 0, where 27, is the solution

to the equation p(X) + a7 d’(}g) % = 1, which yields ¢’ (x7,x1) > 0. In

addition, if 4/ > 0, then 7, = qﬁj(O 0) = X*, while if u/ = 0, then ¢ (x5, x1) €
(0, X*). Now, if M > 0, then 2}, = 0, which means that ¢’ (x,’,x5) = 0 and




@/ = 0 since x}, < X*. Then, either ¢] (xz7,xr) > 0 whenever z%, € (0, X*] o
¢7(XF ' x1)=0,j€ Fr. Then, ¢’ (xF ,x1) 20,7 € Fp.

The function ¢’ (xz,x1) is continuously differentiable. Using Proposition 1,
then, from the Berge Maximum Theorem (1963), we deduce 2% = ¢’ (x57,xy),
ijp,lSClon T S JXHSZ 1

—J#J

PROPOSITION 2. Let ¢: [ Stx [[ & — [I S? be the ng dimensional
i€FL JEFR JEFE
vector function defined by ¢ = (¢*,...,¢7,...,¢"F). Consider the Jacobian matri-
2. %) = | 2@ ¢, 0" F) 2o %) = [0, @"F)}
ces j¢xF (XF’XL) BRI and j¢xL (XF’XL) T loGal w2t )

Then; _I(np,np) << j¢xF ()_(vaL) < O(np,np) and _I(np,nL) << j(be (XFaxL) <
O(np,nz), where 0 and I are the zero matriz and the unit matriz respectively.

Proof. See Appendix A. 1

Proposition 2 notably states that each follower’s optimal decision function is
decreasing in the strategy of each other follower and in the strategy of each leader.

3.2. The best responses: a consistency criterion

Each leader has perfect information on the optimal decisions. But before consid-
ering the problem of any leader we must check that the system of optimal decisions
is internally consistent: each follower’s optimal decision mapping may be expressed
as a function of the leaders’s strategies only. To this end, we provide a consistency
criterion which determines each optimal decision as a function of the strategy profile
of the leaders. Indeed, any leader firm is then able to solve the system of optimal
decision mappings to obtain the best responses as functions of his own strategy and
of the other leaders’ strategies. It leads to the effective demand (the price function
as a mapping of the leaders’ strategic supplies only) which addresses to any leader.
Otherwise, if the criterion is not satisfied, we cannot determine the individual best
responses. Example 3 in Section 5 illustrates this fact. _

Let the system of np simultaneous equations with np unknowns :ci17 and np,
parameters be given by:

_¢j(X;‘]axL):O7j€]:F' (5)
These np equations taken together consist in a system of equations, whose
solution, if it exists, provides best responses.
DEFINITION 2. Let 7 : I;I.- St — 87, with x}, = ¢’ (x1), be the best response
i€FrL
of follower j, j € Fp.

To introduce our criterion define the function ®/ : [ SLx [[ Si — &7, with

jEFR i€ 4
O (xp,x) = 2 — ¢ (x50 ,x1), 5 € Fr. Let @ 0 [[ Shx [I S — I S%

JEFE iEFL JEFR
the np dimensional vector function defined by ® = (<I>1, L ®I CID"F). Consider
the np-dimensional vector equation ®(xp,xr) = 0. Let Ts., (XF,X1) be the

(np,nr) square matrix formed by all partial derivatives of ® with respect to xp
at a point (X, Xr,). The next lemma provides a sufficient condition for the existence
(and continuous differentiability) of such best responses. So, Lemma 2 provides a
criterion to determine locally the best responses.



LEMMA 2. If |Js,, (Xp,XL)| > 0, then, for each j € Fr, there exists ol

1 Si — Sk, with x), = ¢ (x1). Moreover, for each j € Fr, @ C C*(Ry).
i€FL

Proof. See Appendix B.

PROPOSITION 3. Let o7 : [] St D Uz, — S%, with xJF = pi(x1), j € Fr.

1€FL,
1 i n
Consider J,(Xr) = W} Then, —Zinpm) << Jo(XL) < 0(npmy)-

Proof. See Appendix C. 1

3.3. The leaders

In the second step each leader knows how the market price is affected by the
followers’ reactions. This information is transmitted through the effective demand
which adresses to her, i.e., p(z% + X"+ > ¢’ (x1)).

J

DEFINITION 3. Let leader i’s optimal decision be defined by ¢° : 11 SL_i —
—ieFL

Si, with ¢ (x;") = {2} € Si : 2% € argmaxny (2%, x;", p(x1))}, i € Fr.
LEMMA 3. Let the function p(.) satisfies Assumption 1 and the functions ct (.),
i€ Fr, and ci(.), j € Fp satisfy Assumption 2. Then, for each i € Fy,, the map-
ping V' (x,") is well defined, point-valued (a function) and continuous on [[S,".
i

Proof. The mapping ' (x;") is well defined. Given ¢/ : HS’L — S}, with

Th = @ (x1), j € Fr, let @(ay,x.") = (¢ (@], %", "7 (27, x1")). The pro-
gram of leader ¢ consists in maximizing her profit 7*(z% ,x; ", ¢(z%,x.")) subject
to 7 € [0, X*], a nonempty and compact (convex) set. Moreover, from Lemma
2, the effective demand p(z} + > x;' + > ¢?(2},x;")) is continuous as each
i j
@ (2 ,x7"), j € Fr, is continuous. Then 7?(.) is a continuous function from [] S
i
to ;. Then, the set argmax‘{ﬂi(xi,gq(szzi)) : 2% € [0,X*]} is nonempty, so
there exists ¢" : [[ S;" — S}, with ¢'(x,"), i € Fr. We now characterize leader
—icki

i’s optimal behavior. Let £ be the Lagrangian and A\* and p' the Lagrange multi-
pliers. The problem of leader i € F;, may be written:

max Lz, xp ' pt) o= mp (2, xp ' (e, xp ) + Nap + p'(X* —ag).  (6)

The Kuhn-Tucker conditions may be written:

oL ort
- = LN —p=0,ieF 7
o, oz, + I tE€FL (7)
N> 0,28 >0, with Mzt =0
(X*—a}) = 0,4 >0, with g'(X* —a}) =0,
where: } ]
on' dp(X) dc'(z})

;i€ Fr. (8)

=p(X)+ (1+v")a}, Vs Cdxi
L

i
oz’



8¢ (x1)
J

Ozt
to leader i’s strategy, i.e., the slope of the aggregate best response to i, i € Fp.
By construction v* = v=" = v for all i, —i € Fr. From (la) we may have either
P'(x;") = 0 or ¢'(x;") > 0. Therefore, if 2% > 0, then A\' = 0, where z% is the
solution to p (X) + (1 + v) x% d’;l())(() - dc;;zi) = p!, which then yields ¢"(x;*) > 0.
And, if p* > 0, then ¢'(x;*) = X*, since x;' = 0 and xp = 0, while if y* = 0,
then o' (x;%) € (0, X*]. Otherwise, if 2} = 0, then p(X) — % =0 and p’ = 0.

. . . L

Then ¢'(x,") > 0 whenever z} € [0, X*].

The mapping ¢’ (x;") is a continuous function on [ S;’. We first show it is

—ii

F) i

i .
amé with respect to x7 leads to:

The term v* = , with ¥ € [—1,0], represents the reaction of all followers

point valued. Differentiating

9%rt
(0z1)?

d*p(X)
(dX)?

QCi Z’i
200 BT

=(1+v)’af,

3*rh 9?mt
(8x%)? (0%)2

. 2 i i
(1+v)? (IZL 2o d’(}(;‘)) + (1 — ) — T by adding (1+v) 50
dp(X)

and substracting v (14 v) =55~ As the first term is non positive, and the second
8%t
nd s (az;§2 < 0.
Then, the solution to (6), that is ¢'(x"), ¢ € Fr, is point valued. In addition,
Y'(x."), i € FL, is continuous at all x;* € [[S™, and then on [[S™%.

j —i

—1

We now check that

< 0. The expression given by (9) may be written

term is strictly negative under (2b), and since v € [—1, 0], then we have

Remark 2. When ¢'(x;") € (0,X*] (7) may be written L’ = —1'(‘;”3;?7 where

P(X)_% i
L'= T;'L is the Lerner index, € the price elasticity of demand, and % the

1

1 dep(zf) v
1—k?

1—k*  dx?

markup, with k! =1 — HT”i k' € [0,1). When k* = 0 (resp. k* > 0) she behaves

market share of leader 4. In addition, p(X) = > 1 is her

, where

X :
as a price taker (resp. an oligopolist). As ' € [0,1), we have v > —1.

Remark 3. Let us notice that k = (14 v) in (1c), so using (8), we have:

02t dp(X) d?p(X) ,
o i < F.
ou 0 (1+v) ( y +(1+v)zl, (dx)? ) <0,1 € Fy (10)

The expression given in (10) echoes Remark 1.

PROPOSITION 4. Let W: [[ 8" — [[ S, with ® = (¥, ..., 0", ..., ¢9"F).
i€FL, i€Fr,

Consider Jg(X1) = [M} Then, —Z(n, n,) << Jw(XL) <00, ny)-

IES S

Proof. The Jacobian matriz Jg(Z1) is bounded. Differentiating partially the

. coAml g iy iy — : —i : oyt _
identity Dut (¢ (x1"),x.") = 0 with respect to ", and using (10), we get Dot =
y

> EZ ;rl{i kdp(x)+k2miL d2p(>;)

& & dx
— =Ll = — X . From (1b) and (2b), and as for each

L Ap(X) 4 o0 d2p(X) _ d2cp (@)

— 2k +k2x — -

a(2% )2 dx L (dx)? (da? )2
i€ Fr, v e [-1,0], we deduce adxd’,j € (—1,0], for all =3 #4, —i,5 € Fr.

F
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4. SE: EXISTENCE AND UNIQUENESS

We now turn to the existence and uniqueness of a SE. Before we provide a

. . . . JEFF
definition of a SE for the game I' = {]—", (St 7)), (St, ﬂ'i,)} .
1€FL

DEFINITION 4. (SE) A Stackelberg equilibrium of I' is given by a strategy profile
(X,xp) € ] Si x Il S7 such that:

R ieFe | |
1. ﬂ%(i%,i}”,iL) > w%(@},i;],iL), Vm% € S, 5 € fp '
i 7wy (3, X0 e(@, X)) = 7 (2, X0 (e, X)), Ye(xr) € T St
JEFF
vx;'e [l Sz’ andVzi € Si,ie Fr.
—i€Fr,

A SE is a noncooperative oligopoly equilibrium of a two-step game of perfect
information such that, on the one hand, the market clears, and on the other hand,
in each step of the game, no firm has an incentive to unilaterally deviate from
its choice. Therefore, we must first consider the mutual consistency of the optimal
behavior. Then, we turn to the study of uniqueness.

4.1. Existence

The hierarchical model of Sections 2 and 3 consists of two Cournot competitions
encompassed by a Stackelberg competition. Indeed, the np leaders play a two-
step game with the np followers, but the leaders (the followers) play together a
simultaneous move game. Stackelberg competition is thus described by a two-step
game which embodies two simultaneous move games. Therefore, this hierarchical
game I' displays two partial games, namely I'r and I';. The equilibrium of the
entire game I is a pure strategy subgame perfect Nash equilibrium (SPNE), while
the equilibria in each partial game are Nash equilibria. Therefore, we must show
that there exists a pure strategy SPNE of I'. But such a SPNE exists for the entire
game if it is a Nash equilibrium of each subgame of T' (Selten (1975)). In addition,
we must check that the fixed point is an active equilibrium, i.e., the Stackelberg-
Nash equilibrium strategy profile contains strictly positive components. Remark 4
outlines this point.

Remark 4. (Trivial equilibrium). Let us notice that the existence of interior
solutions to programs (3) and (6), whose solutions may be well defined optimal de-
cisions, does not ensure that the SE is not a trivial equilibrium. A trivial equilibrium
is given by a strategy profile (X1,%r) € [[S; x [[ S% such that (X1,%Xr) = (0,0).

i J

For instance, assume |Fp| = |Fr| = 1, with p(X) = %, and cp(zp) = Sap
and ¢y (zr) = 0. Then, the follower’s best response is well defined and given
by ¢(zr) = —xp + 2z, with ¢(z) > 0. But the equilibrium strategy profile is
(Zr,Zr) = (0,0), the trivial solution (note the profit functions are strictly concave).

We are now able to state the following Theorem.

o N

THEOREM 1. (Emistence). Consider the game T’ = {f, (Sy.7%), (ST, 71'%)} F,
ieF.

and let Assumptions 1 and 2 be satisfied. Then, there exists a Stackelberg equiliII;-

rium which is an active equilibrium.

11



Proof. The strategy of the proof is as follows. First, we show there exists a
strategy profile (X1, Xp) € [] S x[] S% such that the leaders and followers strategic

1

optimal plans determined in Secti]on 3 are mutually consistent. Second, we show
that there may exist the strategy profile (Xr,,Xr) is such that (Xp,%r) >> (0,0).

1. Consistency of optimal plans. The game T is a two-step game which embodies
two simultaneous move games. Let I';, and T'p be the simultaneous move partial
games between leaders and between followers respectively. Therefore, we must show
that the set of optimal decision functions for each partial game has a fixed point,
which also constitutes a Nash equilibrium for the entire game.

We first show there is a fixed point to the system of leader’s optimal decision
mappings. From Lemmas 1-3, we can define ¢" : [[S;* — Si, with ¢’ (x;"), i € Fp.

—1

Now define the function Ap, : [[S; — [[S7, with Ar(x) = x ™2 4", The function

A(xy) is continuous (as each v’ is continuous) in x;, on [[S%, a compact and
i

convex subset of Euclidean space (as the product of compact and convex sets St ,

i € Fr). Then, by the Brouwer Fixed Point Theorem, the function A(xy) admits

a fixed point X7, € [[ S}, with components &, with #% € S}, i € Fr. This fixed

3
point constitutes a pure strategy Nash equilibrium of T'y,.
We now show there is a fixed point to the system of followers optimal decision
mappings. Using Lemma 1, we can define Ap : [[ St x[[S) — [[S% % [[S:, with
j i j i

Ap(xp,x1) = ><”F d)j Given xj, € HSi, we have Ap(xp,X1) = ><”F gi)j A simi-

lar argument as the one made for the leaders shows that the function Ap(xr,Xr)
admits a fixed point Xp € HSF, with components 7. € SF, j € Fp. This

fixed point is a pure strategy Nash equilibrium of I'r. Now we must show that

there is a Nash equilibrium for the entire game I'. From Lemma 2, we can define

o [SE — S, with 2}, = ¢/(xy), ¢ € Fr. Consider the vector function of
i

best responses xp = @p(x1), with xp € [[Si. If %, € [[Si is a pure strategy
j i
Nash equilibrium of I'z, then, by using Lemma 2, we have Xp = ¢(X1) € [[S7.
J
Then, to X1, € [[ St corresponds a strategy profile X5 € [[ S%, which constitutes a
; ,

J
pure strategy Nash equilibrium of I'r. We conclude there exists a strategy profile
(xp,%XF) > (0,0), with (X,,Xp) € HS}J X HS},, which constitutes a SPNE of T.

Then, from X we deduce p(X), w1th X ¢ [0 X*]. The payoffs #'(Xp,%Xp), i € Fr,
and 7#(Xp,%Xr), j € Fr, follow from (1) and (2).

2. Equilibrium strategy profiles. The equilibrium strategy profile may be the
trivial one, in which case (X1,%Xr) = (0,0), or interior, i.e., (Xz,Xr) >> (0,0),
with (Xz,%r) € [[S® x []S?. So, we must now show that for any leader i € Fy,

i J

(rebp follower j € FF), there may exist lower and upper bounds %% and Z% (resp.
&% and xF) on equilibrium supplies such that 0 < &% < &% < 2% < 00, i € Fp,
(resp. 0 < # < & < Ty < 00, jEFF).

Existence of upper bound: i < 27 < oo, i € Fr. There are two cases to
deal with: either the inverse demand function intersects the axes or it does not.

12



Assume first the inverse demand function p(X) intersects the quantity axis. In such
a case, p(X) may be either (strictly) concave or (strictly) convex. Therefore, there is
X < oo such that p(X) > 0 for X < X, and p(X) = 0 for X > X. Therefore, there
is some finite quantity demanded when the commodity is a free good. Select one
leader i € Fp,. Consider ¢ = max (91LX', ...,HZLX;O};X,...,Q?FX), with 07, 6%, €
[0,1], for each i € Fr, and each j € Fr, where > " 0% + P 0, =1. As X < oo,
then % < oo. Then, T4 < oo, i € Fr, and &}, < 0o, j € Fr. Assume now

limx_op(X) = 0o and limx_, x+ p(X) = oo. Consider there is some i € Fj, for

ch

which 7% = co. But, from (2c), we know that (~§;) > p(Z%), so we must have

&% < 0o. The same argument holds for all i € .7:1;, and for all j € Fp.

Existence of lower bound: 0 < &% < 7%, i € Fr. The proof holds either when
limx o p(X) = p, with 0 < p < oo, or when limx_op(X) = co. Assume % = 0,
with ¢f (&7) = min {c} (&}), ..., PP (Z77); ch(Zh), ..., B () }. Let #;° > 0, for
all —i #14, —i € Fr, and QE} > 0, for all j € Fp. As % = 0, from (9), we deduce
A" > 0, so the first-order condition is given by p(X) + A" = ¢} (&} ), which implies
p(X) < ¢ (0). Therefore, the effective demand which addresses to any leader —i # i
is given by p(X;* + Xp(X["). As from (1b), we have dp(X) < 0, then assuming

F7' > 0leads to p(X; ' 4+ Xp(X; ) + ka2 (X0 + XF(XL ) — d;i, (37 <0,

d

. . dc, — det ~; ~ 3 .
—1i € Fr,, since K(mﬁ) > dmi (2%). Then, we deduce £’ = 0 for all —i € F..

But then, for each —i € Fp, p(0) < Zcéz (0), a contradiction, as (2c) must hold.
TL

In consequence, if the residual demand which addresses to any follower j € Fp is
p(0+X ), then, from (4) and Lemma 2, we deduce p(XF)—i—xf (Xr)— ch (Q?JF) <

0,7 € Fr, si

dep () > 9L (7). But then, for each j € Fi, p(0) < d°F (0), s0
dm% F) = dw? L) ) J F, P X dm;ﬂ )

x F =0, for all j € Fr. A contradiction. Then, we conclude that there must exist
some firm i € Fy, for which #} > 0, and some firm j € Fp for which #%, > 0.

Thus, the second part of the proof of Theorem 2 reveals that there is always a
more profitable strategic supply than the inactive one.

4.2. Uniqueness

Uniqueness is not guaranteed since we should have a configuration in which the
best responses are uniquelly determined but there could exist multiple equilibrium
leaders’ strategy profiles (see Example 4 in Section 5).

Nevertheless, we are able to state the following Theorem.

THEOREM 2. (Uniqueness). Let Assumptions 1 and 2 be satisfied. Then, if there
exists an active Stackelberg equilibrium, then it is unique.

Proof. The strategy of the proof is as follows. We show that if the partial game
I';, has a unique active Nash equilibrium, namely X, € [[S%\ {0}, then the equi-

librium Xp € HS} in the partial game I'r is unique as the function ¢ defined as
J

P HSZ D Uz, — HS%, with xp = (x1.), is one to one. Then, uniqueness of

the SNPE for T' (and then uniqueness of SE) is obtained through Lemma 2.

13



. . . ol ! )
To this end, consider the gradient vector I1;= ((9:—%, e 82} s aﬂ,LL) Let an
L L

active equilibrium strategy profile (Xr,%xp) € [[ St x HS% Then, consider the
i J

determinant of the Jacobian matrix of —IIj at (Xp,Xp), which we denote by
|J_t1, (X, %Xp)|. It is well known that if the determinant at an active Cournot
equilibrium is positive, then the equilibrium is unique (see Corollary 2.1 in Kolstad
and Mathiesen (1987)). As leaders in the partial game I'z, behave as Cournot firms,
we show this criterion is satisfied, so the pure strategy Nash equilibrium in the
partial game I';, is unique. Then, using Lemma 2, we deduce there is a unique pure
strategy Nash equilibrium of IT'p. 4

Select one strategy profile (Xr,Xr) € HSi X HS%, with X, >> 0. We have

J
to show that |J_1-[L (XL,XF)| > 0. Given (xL,xF) consider the Jacobian matrix

o* 7"L a”L — i dp(X) dClL(mZL)
e —1 € Fp, with 3 p(X)+kal, B e

J—HL ((XL, XF) -

2, 1 2 ’L
and where (g;gQ and 5= g&l are given by (9) and (10) respectively.

If (1a) and (2a) are Satlsﬁed7 then, by substracting columm 1 to the other
columns and expanding by co-factors, we deduce:

dp(X) d’p(X)

-|-k i S d26 (gt dn(X
B LX) cp(z) _ p(X)
o =1k > — dg,(z T a0 611( (drt)? =) D

1€FL (dz?)?

Assuming (2b), we deduce:

dp(X + kb d’p(X)

TL(dx)?
sign|J_m,|=sign [ 1 -k Z d2 L) f117()3)
i€FL (dx )2 —k ax

(12)

From (1c) and (2b), we deduce |J_11, (X, XF)| > 0. Then, there exists a unique
pure strategy Nash equilibrium in the partial game I';,. Now set X;, >> 0. From
Lemma 2, we deduce Xp = (X1,), which constitutes a unique pure strategy Nash
equilibrium of I'r. Then, we conclude the pure strategy SPNE in T' is unique,
which proves uniqueness of the SE. 1

Assuming symmetry among leaders, the condition for the sign of | J_11, (X, XF)|

might be rewritten as G 4 kat d(zdﬁgf) < (d(sg(g;L) kdz(j(())7 which would

say that "on average" leaders’ marginal revenues could be increased but not too
much (see Kolstad and Mathiesen (1987) for the Cournot market).

In addition, we can check that, under (2b), we would have had % -
k% +nr (dp(X + kx 2‘?;}5@) = (222%2 +(np — 1)88 gL_l < 0: the effect on i’s

marginal profit of a change in x} dominates the sum of the cross effects of similar
changes of other leaders’ supply.

Let us notice that strategic complementarities are not precluded here, but they
are not sufficiently strong to compensate strategic substituabilities. Therefore, our
result transposes in a Stackelberg framework a result which holds in the Cournot
market (see notably Vives (1999)).

14



5. DISCUSSION: SOME EXAMPLES

In order to discuss Theorems 1 and 2 and to illustrate our consistency criterion
(Lemma 2), we provide four examples. We put forward the decreasing marginal
revenue assumption which leads to consider the behavior of the price function on
the boundary (hypothesis (2a)). We know that this condition may not be written
in the same way for the leaders and for the followers (see Remarks 1 and 3). We
also put forward the possibility of marginal costs to decrease more than the price
function, letting the possibility of increasing returns (hypothesis (2b)). Example 1
outlines the procedure to compute a SE when Assumptions 1 and 2 hold. Example 2
shows that even if Assumption 1 is not satisfied, a unique SE may exist. Example 3
illustrates existence failure, a case for which our criterion is not satisfied. Example 4
provides a case with multiple equilibria. These examples illustrate that our criterion
constitutes a sufficient test condition for the existence of best responses. They
also put forward that condition (12) is only sufficient for uniqueness of SE. We
assume |Fp| = |FL| = 2. To save notations, we sometimes let X = xl + 2% and
X, =2t +22.

5.1. Existence and uniqueness with Assumptions 1 and 2

Let the inverse market demand function be given by:

The cost functions are ¢ (¢%) = In (1 + 1a%), i = 1,2, ch(zk) = L(zk)? and
cp(ah) = %xQF Let max{ﬁ’x}ﬁ%} — % (
zh €0,3],i=1,2,and 2} € [0, 3], j = 1,2.

The followers’s optimal decisions corresponding to (4) are given by:

(2% + Xr) (14)

Wl =

d)l (:E%W XL) =

=l W)=

(xp + X1). (15)

[N

¢2(x}77 XL) =

Using (5), we get ®'(xp,x1) = 2 — 5 + T?H_TXL and ®%(xp,x1) = 23 — 1 +

WTXL. Implicit differentiation of ®7(p!(xr),p?(xr),xr) =0, j = 1,2, leads to:

|

As j<bxF (xF,xL)‘ = % > 0, we can determine the best responses:

dzp  Ork
ozl ox2 o
:| 6w§; Bzé - |:

T 3
Oz ox7

= ol
N | =00 —=
N[ o] =

| (16)

POl =

3

1
1
= - -X 1
pi(xp) =15~ 5 XL (17)
1 2
2
=— - -Xr. 18
pr(xe) = 35— 5 XL (18)
Let us notice %(;L) = —1 and %@:L) = —2, which may be obtained by
applying Cramer’s rule to (16). In addition, we have v = —2. Using (17)-(18),
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leader ¢ faces the effective demand (% — gxiL — gxzi), so her program is max
(4~ 3k = 307) =0 (1 401). W deuc 31,3 = (1T, 21405),
The residual demand p(X) = 2=¥1% — X1 leads to (14)-(15).

In addition, Assumptions 1 and 2 are satisfied for any leader:

dp(X) . dp(X) ‘
i) 1« =
xR 1<0,i=1,2 (19)
d%ci(zt) 144 2 dp(X)
L - > T =(1+ :
(dzf)? (15 + /105)? 5= g

and for any follower:

dp(X) e d*p(X)

= -1 j=1,2 2
Pohlah) _ L, d(X)
(dz}.)? dX
d*c2.(z2%) dp(X)
q Le\TE) = @)
an (da2)? 0> X

The marginal revenue of any firm decreases, which illustrates the fact that
supplies are strategic substitutes between leaders and /or followers.

Finally, (12) yields sign|J_n, (%z,%r)| = sign (1+ ;22E0_2) > 0. So
5
2

the SE is unique. We could also check that sign |J_n,.(Xr,XF)| = sign(3) > 0.

5.2. Existence and uniqueness without Assumption 1

Let the inverse market demand function be given by:

p(X) = B>2, (21)

X5’
2
where limy o p(X) = o0, limx ., p(X) =0, dp(X) = X§+1 and d(f)g? = ﬁ)(f;t%).
Let cf (z}) = 127, if 1,2, and ¢y (%) =0, j = 1,2. Let max {1,0} = 1, from
(21), we take X* =1, soa} €0,3],i=1,2,and 2} € [0,1], j = 1,2.
The optimal dec151ons corresponding to (4) are given by:

2+ X
oM (ad,xp) = L 2E (22)
Bg—1
rp+ X
¢* (2%, x) = L (23)
g—1
Let ®!(xp,x1) = 2k — m%;% and ®?(xp,xr) = 2% — 71’};2)1@ We deduce:
1 __1 _9
Ja, (XF7XL)) = ‘ 1 At = 6(672) €(0,1)as f>2. (24)
! —51 1 (B-1)

If B = 2 there is no solution to CIDj(xL,xF) 0, 7 = 1,2. Otherwise, we get

ol (xg) = XL , j € Fr. Let us notice that v! = ,332
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strategies are strategic complements. Using (22)-(23), leader i faces the effective

B=2__1 B=2_ @ 1. i — 16-2
demand (=5 x2+m21),soshesolvesmax 5 owirert 200 We deduce 77, = 555,

1 = 1, 2. Therefore, i% = %, j=12.
We check that (1b) neither holds for the leaders:

dp(X) L Pp(X) BB -1) .
e + (1+v)a}, Xz 5 >0,1=1,2 (25)
d*cp (ah) 28 dp(X)
(dx,)? 0> 55 =0+ =x
nor for the followers:
dp(X)  .; @°p(X)
Xt Xy 1>0 (26)
2. (]
Coplr) o @0 oy,
(dat)? dXx

Here marginal revenue increases; so existence of a SE is not inconsistent with
strategic complementarities.

Finally, we have sign|J_m, (Xr,Xr)| = sign (1 - W) < 0: the SE is
unique even if the sufficient condition for uniqueness is not satisfied. In addition,
sign |Jn. ((Xp,Xr)| = sign(—1) < 0: strategic complementarities are here not
sufficiently strong to produce multiple equilibria.

5.3. Existence failure (without Assumption 2)

The price function is given by (13). Let ¢} (z%) = 0, i = 1,2, ck(z}) =

1+ abal — 3(2%)?, j = 1,2, with a} # o and ak,a% < co. Therefore costs

decreases whenever xiﬂ > a%, 7 =1,2. Let max {0, a}; — x};, a% — x%} =&, where
0<¢<oo,s0zy €[0,€],i=1,2, and 2% € [0,¢], j =1,2.
Followers’ optimal decisions are given by:

d)l(m%,xL):lfa}pfx%fXL (27)

P (rh,xp) =1—a% —zk — X7, (28)
Using (5), we get ®!(xp,x1) = 2k — 1 + ok + 2% + X, and % (xp,xL) =
2% — 1+ af + op + X1 We deduce:

1 1
jq;xp (XF,XL)’ = ’ 1 1 ‘ =0. (29)

As _oz}; # a2 there is no solution to (27)-(28). Then, if |Je(xr,x1)| = 0,
then ¢7 (x1) = {@}, j = 1,2. We remark that (2b) is not satisfied since:
d2c7f(z§;)
(do})?

The nonexistence stems here from the presence of increasing returns to scale.

= —1, which is not such that —1> -1, 57 =1,2. (30)
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5.4. Nonuniqueness
The inverse market demand is given by:

1

X)= —, 31
p(X) = —— (1)
where limy_,1+ p(X) = 00, limx_, p(X) =0, dp(X) %(X—l)_% and d( ';(())() =
-3(X - 1)7%. Let ¢ (%) = V3Bzh, i = 1,2, and cF(xF) 0, 5 = 1,2. Let
X* =p(max {V3,0}) = 3,50 2% € [0,V3], i = 1,2, and 2}, € [ 3], 7=
Followers’ optimal decisions are given by:
o' (2, x1) = 2 — 223 — 2X, (32)
¢*(rh,xp) =2 — 20k — 2X7. (33)
Using (5), we deduce:
’.7{: (xF XL)’ S (34)
Xp ) 1 1 N
We deduce ¢’ (xy) = % %XL, j = 1,2. Then, v = —% whenever z% > 0,

i = 1,2. Thus, using (32)-(33), leader i solves % € max (/=% XL —V3ah i =

1,2. There are two symmetric equilibria (X.,%r) = ((0,0), (2, 2)) and (Xz,%XF) =
((3.3),(&,2)). In the former v = 0, so we have:

9092727
dp(X)  _, &®p(X)  3V3
X tiaxp = g <O (35)
2 i (i
depley) o, 33 _ X))
(dx)? 2 dX
dp(X) | ; &?p(X)  _
and X +Ip xe - 3v3>0
2.9 (nd X
dJF(xF) _ O>_3\/§:dp( )73,:1,27
(dij)Q 2 dX
while in the latter we get:
dp(X) _; d*p(X) 405
1 i - =2
xR 5 >0 (36)
d?ct (xh) 27\f dp(X)
— L = < 1 =12
(da, )2 =0 i=
dp(X) | _; ?p(X) _
and ix Ty C 81V3 >0
2.3 (]
Ferlr) _ g oqyg=®X) 51
(doh)? ax
Finally, wihive s;gn |J_m, ((0,0),(3,2))] < 0 szgn |J 11, 2((0,0), (2,2))| <o,
szgn|J,HL ((5.3) (. %) ’ < 0, and si n’J 5:3) (&, 2—7)){ >0
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6. CONCLUSION

The paper provides new proofs for the existence and uniqueness of SE in the
multiple leader-follower model. Our noncooperative oligopoly model embodies two
partial simultaneous move games with heterogeneous firms. As a hierarchical model,
it consists of two Cournot competitions encompassed by a Stackelberg competition.
One salient feature is the existence of a Nash equilibrium for the entire game is also
based on consistent optimal decisions of followers. Our Lemma 2 provides a criterion
to test for the existence of best responses, and thereby for the existence of a SE. In
addition, our model generalizes some models of the literature as it displays some
heterogeneity among firms which may have different costs, some of which may be
nonconvex.

The main conclusions of the paper may be stated as follows. First, failure of
existence stems from the fact that the system of equations that implicitly defines
the best responses is inconsistent. Under Assumptions 1 and 2 the system is al-
ways consistent. Second, uniqueness is ensured since best responses are decreasing
functions with negative slopes strictly greater than minus unity.

These results suggest three final comments. First, our model embodies two step
of decisions and should be developed to embody a finite number of steps larger than
two. Second, we should consider the strategic complementarities at work when best
responses are increasing. Third, since strategic complementarities affect payoffs, the
endogeneization of the order of moves should be undertaken within this framework.

7. APPENDIX

The proofs bring into light the role played by Assumptions 1 and 2, and more
specifically, which parts in the two Assumptions play a critical role.

7.1. Appendix A: Proof of Proposition 2
The Jacobian matriz Jg, (Xp,Xp) is bounded. Differentiating partially the

identity g:; (qu (x;j,xL),x;j,xL) = 0 with respect to a:;j, we get:
o _ o _ w0 al N
ZE = -
From (1b)-(1c) and (2b), we get aaggj € (—1,0), when ¢’ > 0, and aigf =
0 when ¢/ = 0. Then, 8‘1‘§j € (-1,0], —j,5 € Fr. So, the diagonal terms of

j¢xF (Xp,X1,) consist of zeros and the off-diagonal terms are negative and above

The Jacobian matriz Jg, (Xp,Xr) is bounded. Let ) = ¢ (x5, x1) € (0, X*),
j € Fp and write (4) as an identity:

dp(X)  defp (a3 (x5, x1))
X dw%

p(X) + ij(X;‘jaXL)

=0, (A2)

with X = ¢*(xp!, %)+ ... + ¢’ (x37, %) + ... + 3. #% . Differentiating partially with

respect to z% yields, after rearrangement:
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9’ dp(X) | ; d®p(X) dp(X) dPc(a}) ) 0¢7 _
zj: -+1 <dX +xF(dX)2>+< . (di‘%)g)axi:o. (A3)

7
- ox%,

This indentity is true only if <Z 007 | 1) 9. < () under (1b) and (2b). In
J

addition, if % > 0, then 8;‘5] + > 9¢ 7 +1 < 0, a contradiction. Then 07 <0,
L L

—  Ox% ox%,
‘ —J#j _
with Z gj’; > —1. Then, we conclude gf; (-1,0], i€ Fr, j € Fr.
j

7.2. Appendix B: Proof of Lemma 2

- We show (5) has a solution, namely xp = ¢(xz), with component function
vh = ¢?(x1), j € Fp. Consider ®(xp,x1) = (®'(xp,xL), ..., ®"F (xF,x)). Since

we focus on inner solutions, consider the restriction of [[S% x [[Si to the open
j i

set [1S% x [18i, with St < Si, i € Fr, and S C S}, j € Fr. The vector
j i

function ®(xp,x;) is C on the open set [[S% x [[ Sk as each @/ is a C! function
j i
of (xp,xr) on the open set HS} X HS’JIL Consider the np-dimensional vector
j i
equation ®(xp,xr) = 0. Let (;F,iL) be an interior point of Hé_‘} X ng, where
Xy, corresponds to a parameter configuration, with X; € Hjle, SO vzfe have the

3
identity ®(xr(xz),xr) = 0 in an open neighborhood of (Xz,Xy). Implicit partial
differentiation with respect to xj, of this identity leads to:

Js., (Xr,%X1).A = —B, (B1)
1 09! Foki e
B A
— — o oI oI . .
where Js, (Xp,Xp) = T e 1 S is a (np, np) matrix, and
oP"F oo"r 1
v
dzt oz, oz dzt "t 9xl Tt
_ Ba:gp 89:% Bw% _ Bl odI 9P
A= az}‘ anqL aizl’ and B= ale B‘L,L asz
dx ! oy Oy T T s 4
| oxl Grey S ozl oz’ oxy

are matrices of dimension (ng,ny) respectively.

We first show that Ja.,. (Xp,X1) is a strictly positive square matrix. From
oI _ _ 947
3x;.7 - Bm;]’

2, we know that j¢XF (XrXL) € (—Z(npnp)s Onp,npls Which, from (5), means

(5), for each j € Fp, we have

—j # j. And, from Proposition
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;I‘I;j €[0,1), —j # 4, —j,j € Fr. Then, we deduce O, ) < —j¢xF (Xp,X1) <<
Zinpmp)- Therefore, we have Js, (Xr,X1) =1 - j¢XF (Xp,X1,), where I is the
identity matrix of dimension (nr,nr). So, the matrixJs, (Xr,Xr) has unit terms
on the main diagonal and strictly positive (less than one) off-diagonal terms. We
deduce Js,  (XF,X1) >> 0(n, ny)- But then, the matrix Je,  (Xr, X1) has strictly
positive real eigenvalues e/, j = 1,...,np. As the determinant is the product of such

eigenvalues, i.e.,‘j¢XF (xp,X1)| = [[¢/ > 0, we conclude ‘\7‘1>XF ()_(F,)_(L)‘ > 0.
J

Then, by the Implicit Function Theorem, there exist open sets & in [ S7. x [[ St

and U,y in [[ S}, with (Xp,X) € U and X C U(x,) such that for each xr in

U(x,), there exists a locally unique nr dimensional vector function xr(xz) in some
neighborhood of (Xp,Xr) such that (xp(xr),xr) € U and ® (xp(x1),xr) = 0.
The solution xr(xz,) = ®71(0) is denoted by ¢(xr,), and is defined by ¢ : [[ St D

Us,) — [1S%, with xz = ¢(xz). Each component function ¢/ (x) is defined as
J
o T1S; D Uz, — Sp, with 2}, = ¢7(x), j € Fp. In addition, the function

p(x1) is continuously differentiable. Then, for each j € Fr, ¢?(x) is C*.

7.3. Appendix C: Proof of Proposition 3

We must show that for all i € Fp, —1 < Og? <0, j € Fp. We first show

ozt
g% <0, j € Fr. Consider the system given by (6), and let gmﬂ =0 for all —i #1
L ) Tr
in A and gqi =0 for all —¢ # ¢ in B. Then, from Cramer’s rule, we deduce:
L

J ‘jé>x ()_(Fa}_(L)‘
s , (1)

TL ‘J«»xF (iF,iL)‘

where jé,xp (XF,Xr) is the (np,np) square matrix obtained by replacing the jth
column in Jg (XF,Xr) by the ith positive member of B, so that:

1 %! %!
S =3 S
’ T %) — foliodd oLt el
j{’xp (XF,XL) = ozl amiL ax;F . (02)
9" F 9" F 1
9aL v oal ..

We know |Js,  (Xr,X1)| > 0, so we deduce:

_oad , - =
szgnamﬁF = sign | T, (XF,X1)|- (C3)
L
207 _ 997 _ 97

By definition of p(X), for each j € Fp, we know that = = % = ==
[ oz, oz g
—i,4 € Fr, —j € Fr. In addition, from Proposition 2, we have for all j € Fp,

gf: € (-1,0],4 € Fr,and 8a¢jj € (=1,0], for all —j # j, —j € Fp. Then, using (5)
L TF
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we deduce that for all j € Fp, 2 8 €[0,1), —j € Fr, and ‘9‘1),-]. €1[0,1), i € Fyr.

Then, the square matrix jq, is nonnegatlve Assume the ]th line is such that

gfj = 0, 1 € Fr, that is, [_?,] =0, —j € Fp. Then, |Jg_ (XFaXL ‘ =0, so

5nd

gif =0,1 € Fr. Aesurne now the jth line is such that aqﬂ € (0,1),i e Fr. In

addition, as daii; = ax{p for each line —j # 7, :

there is some q >> 0 such that gfij > 0 and for all j € Fp, > g gf] > 0,
F i L

fok i
; oz’

< 1, and since for line 7, 0] 0, with o8] 1.

as we have 0 < ool _ 9at
J

Then, the square matrix J&,xF (Xr,X%1) has a positive dominant diagonal. Then,

JQXF (Xp,X1)| > 0. By repeting the argument for all j € Fp, from what preceeds,

we deduce O < 0, which mean j € Fp. Collecting both cases,

ox 7,

we conclude , <0,i€Fp, j€ ]:F

We now show for all 7 € .7-"L, 6“” > —1, 5 € Fp. Select one firm j € Fp. From
what preceed, we know that:

al, B _‘J&,XF (iFy)_(L>‘

= = ) . 4
8sz , 1€ FpL (C)

‘.74>xF (Xp,XL)
We also know that J&,x (Xp,Xr) and Ts.,, (XF,X1) have common terms since
F

2077 _ 927
oz’ - 8x§,7

i€ Fp,j€ Fp. Assume 228 < —1. Tt

for each —j # j, —j € Fp, dx
L

implies:
‘.ﬂ,xp (Xr,X1) ‘

< -1, (C5)
)J@xF (iFJ_(L))

which leads to:

’jéxF (>_<F7>_<L)’ > ‘jd)xF (XF,XL)‘~ (C6)

Expansion by cofactors of )J&&F ()‘(F,)'(L)' > ‘j@w (iF,iL)‘ and cancellation

among common terms on both sides lead to:

a@j 2j / - 2j =
(7 (T e e ) )] > (0 (T Yot 1) ()

oz,

with X =(Xp, Xr,), and where ‘(JQXF)(HF,LnF,l)(i)‘ (resp. ‘(._7&,@ )(nF,l’nF,l)()_c)‘)
stands for the principal minor of order (nF —Lnp—1)of Js, (X) (resp. g, ()‘())

But ‘(\7@ Ynp—1mp—1)(X ‘— ‘ J&,,. ) (nr—1np— (X )‘ by construction. Then we

¢’
oz’

> 1, which is false as we assumed a‘P > —1. A contradiction. Then,

we have —7“7‘?” (XF’XL)’

[Fan Grn)] < 1, so we deduce ng > —1,foralli e Fr, j € Frp.
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