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Abstract. This paper introduces two equilibrium concepts which extend
the notion of Stackelberg competition to cover a general equilibrium
framework. In the framework of a pure exchange economy, asymptotic
identification and welfare results are obtained.

1. Introduction

The Stackelberg concept of equilibrium has mainly been developed in production
economies under partial equilibrium analysis (Tirole (1988)). The purpose of this paper is
to insert the Stackelberg market structure in a pure exchange general equilibrium
framework, which enables to capture the features of market power and the diversity of
strategic interactions. We use the framework of oligopolistic competition developed by
Codognato-Gabszewicz ((1991), (1993)), Gabszewicz-Michel (1997) and then pursued by
Gabszewicz (2002).

According to the competition ‘a la Walras’, all the individuals behave the same non
strategic way and all the sectors work the same perfect way. This double symmetry does
not stand with the competition ‘a la Cournot’: an asymmetric treatment of the sectors is
introduced, some being oligopolistic and others staying competitive. But the symmetry
remains in the treatment of every individual on a given sector. When the competition ‘a
la Stackelberg’ is introduced, a double asymmetry is possible: between the oligopolisitic
and the competitive sectors, and moreover between the leader and the follower(s) in one
same sector. It is then possible to associate a relative advantage for one sector upon
another (uneven distribution of market power among the sectors) and a relative advantage
for an agent upon another (uneven distribution of market power among the agents of a
given sector).

Two concepts of Stackelberg general equilibrium are developed: the Stackelberg-
Walras Equilibrium and the Stackelberg-Cournot Equilibrium. We compare these
equilibria and obtain several results about asymptotic identifications and welfare.



2. A two-commodity economy

Consider a pure exchange economy with two consumption goods (1 and 2) and n+2
consumers. It is assumed that good 2 is taken as the numéraire, so p is the price of good

1 as expressed in units of good 2.
The preferences of every consumer are represented by the same utility function:
Uy =XyuX, ,Vh. 1
The structure of initial endowments in sector 1 and in sector 2 is assumed to be,
respectively:

w, =(@,0) and w,=(1-a,0), with a (0]) 2)
o, :(o,%j h=3,.n+2. @3)

In the first sector, each agent is an oligopolist: agent 1 is the leader and agent 2 is the
follower. The pure strategies of agents 1 and 2 are denoted s,,, with s, €[0,], and e,,,

with e, € [0,1—a]. In the second sector, agents are either price-takers or Cournotian

oligopolists. The resulting equilibria are the Stackelberg Walras equilibrium (SWE) in the
former case and the Stackelberg Cournot equilibrium (SCE) in the latter case. We study
these two concepts of Stackelberg equilibria for pure exchange economies and compare
them with the Cournot equilibrium (CE) and the Cournot-Walras equilibrium (CWE).

In the SWE framework, it is considered that agents having endowments in good 2 act
competitively, whereas the other agents behave strategically. The story is solved by
backward induction, considering first the behavior of the Walrasian agents, then the
decision of the follower, and finally the choice of the leader.

The competitive plans of owners of good 2 come from a non-strategic maximization
of the utility function subject to the budget constraint,

i.e. Arg max {lzhzj(l—zhzj , h=3,..,n+2, where z, represents the competitive
n

{zn2} p
supply of good 2 by agent h, h=3,...,n+2. From (1) and (3), we deduce the competitive
individual offer plan z,, =1/(2n) and the demand functions
1 1
Xpir Xpp) =| —,— | ,h=3,..,n+2.
(X1 %32) (an Zn]

The aggregate demand in good 1 by owners of good 2 is Z:jz X =D [Ll(2np)].

h=3
[1/(2np)]= S;; 1€, ,80 p 21/[2(511 + 921)].

The strategic plan of the follower is determined by two elements: she manipulates the
market price and she takes the leader’s strategy as given. Thus the follower’s program is:

Arg max %((1— a) - eﬂ)( Ca J : (4)

{5‘21} Sll + ez]_

The equilibrium price is then given by >

=3

which gives the following reaction function:
€x (511) = S121 +(1- 0‘)511 —Sy 5)
We verify that this function is continuous and increasing, with de,, /ds,;, >0 and

0%e,, 10s;, <0. Moreover, de,, /da <0.

The strategic plan of the leader is determined by two elements: she manipulates the
market price and the follower’s strategy. The leader thus solves the following program:

Arg max %(a —s, {Lj , (6)

{s11} Sut€y (511)
which gives the following optimal strategy:



~ 1
Su=5lp-30-a)] 7)
where ¢ =,/(1-a)(9 - a) , with ¢ € (0,3). We verify that this function is continuous and
increasing, with s, / 0a > 0.
We can deduce the value of the follower’s strategy €,, =¢€,,(5,,) :

=1 v -lo-3a-a)) ®)

where y = \/(go -3(1- a))(ga +(1- a)) .
Since z,, =1/(2n), it is now possible to determine the equilibrium price:

p-2, ©)
v
The individual allocations are thus:
(R Rer) = (1 (B+a- mwj (10)
4 2y
(izliizz):[%@’_‘//"'(1_a))vw_[¢;3(l_a)]J (11)
17
2 ox=(¥ 1) h-
(xhl,xhz)_(4n,2nj ,h=3.,n+2 (12)
The associated utility levels are respectively:
g - Bra-plp-31-a) 13)
8y
U, = G({ﬂ —y (- a))j['/' “lo ) 30 a)]j (14)
14
U, =2 ,h=3.,n+2 (15)

8n?
In the SCE framework, it is considered that all agents behave strategically, with agent
1 as the only leader. The only difference with the previous case is that the agents
endowed in good 2 behave oligopolistically. The story is solved by backward induction,
considering first the decisions of the (n+1) Cournotian agents, and finally the choice of
the leader.

We denote e,, the pure strategy of agent h, h=3,...,n+2, with e, €[0,1/n]. The
h=n+2
e
@ , which insures the market clearing.
11 + 21
Taking the (n—1)e ,,, s,,, and e,, as given, each strategist h of sector 2 maximizes

her utility:
Arg max Mehz (l— ehzj ,h=3..,n+2, (16)
lenz} ehz + (n _1)e—h2 n

which gives the following reaction function:
o - n-1
" n2n-1)
Taking the strategy s,, and the n strategies e,, as given, the Cournotian follower of
sector 1 maximizes her utility:

market price is given by p =

' h=3..n+2 (17)

h=n+2
ehz

Arg max ((1 - a) —€y )h:S— € s (18)

{921 } 11 eZl



which gives the following reaction function:
€a (511) = S121 + (1_ 0!)511 =Sy - (19)

Considering the best responses of all the followers, the leader maximizes her utility:
h=n+2

P

Arg max (o —s,, )—"=—s5,, , (20)
{1} ( 11) Sy +€5(Sy,) .

which gives the optimal strategy:

. 1
Su =4l -30-a)] (22)
The values of the Cournotian strategies follow:
1
&= v -lp-30-a) (22)
6,-— "1 h-3..n+2 (23)
n(2n-1)

h=n+2 A
Zh—3 ehZ 4(n 1)

_ — can be written:

The equilibrium price p=
| P P S, +6, (2n Dy

~ 2(n-1 B
p-2n-D (24)
2n-1
The individual allocations are thus:
s s ~ 2(n- 1)~
X1y X, ) = 25
( 11 12) [ 2n 1 12] ( )
~” s ~ 2(n=-1) .
Xo13 X0 ) =| X1, X 26
( 21 22) ( 21 2n_1 22) ( )
PN n - 2n -
(Xhl,Xh2)=(thl,th2J ,h=3..,n+2 (27)
The utility levels reached are respectively:
~ 2(n=-1 ~
U, = U 28
=5 U (28)
~  2(n=-1 ~
U, = U 29
=5 VU (29)
~ 2 _~
2n L h=3...n+2 (30)

U, =—>7--"—7-U,
(n=-1(2n-1)

Proposition 1. When the number of agents tends to infinity, the Stackelberg-Cournot
equilibrium identifies to the Stackelberg-Walras equilibrium.

Proof. We have to show that the equilibrium price and optimal allocations in sector 2
converge toward the Stackelberg-Walras one when n becomes large. For the equilibrium

n—o0

price, we have Ilm( Z(n_i)jﬁ p . For the individual allocations, as

()?11,)212):[~ 2-1 1) jfor the leader, (X,,,X,,)= (~ ,%~ jfor the second
n

agent and (X,,,X,,)= [—lihl,Trllihzj , h=3..,n+2 , it is obvious that



Iim(in,x )=(X,,X,) for the leader, Iirg(iﬂ,x )=(X,,,X,,) for the second agent and

that lim(%,,, %,,)= (%1, X,,) for h=3,...,n+2. This completes the proof.

Proposition 1 underlines that the market power of each oligopolist decreases when the
number of agents increases unboundedly. Hence, when n goes to infinity, the Cournotian
behavior tends to the Walrasian one.

We can also notice that these optimal strategies correspond to the competitive plans.
Consider now that p is taken as given by each agent h, h=3,...,n + 2. We have to show

that this price is associated with the competitive plans for the remaining agents. The
optimal plans come from a non-strategic maximization of the utility subject to the budget
constraint, i.e. Arg max x,,X,, subject to px,, +X,, <1/n for h=3,...,n+2. This leads
{zn2
11
2np ' 2n

to (YZl,izz)z( J ,h=3...n+2.

Proposition 2. There is no Pareto domination between the Stackelberg-Walras and
the Stackelberg-Cournot equilibria.

Proof. From (28), (29) and (30) we have L]l = 2(n-1) Gl, Az =;Jz and
2n-1 n(2n-1)
N - _ 2
G, =G hesoon+2. As 207D g L gy 2
2n-1 2n-1 n(2n-1) (n-1(2n-1)

~ ~

we have U~1 >U,, U, >UA2 and Jh <th ,h=3,...,n+ 2. This completes the proof.

Proposition 2 captures that strategic agents of the first sector do better when they face
competitive agents than when they struggle with strategic agents. And those agents of the
second sector compete better under a Cournotian behavior than under a Walrasian one.

Conclusion

Leaving the Walrasian equilibrium means introducing in some way what is excluded
from perfect competition: the strategic interactions. Whereas the CWE and the CE
introduce only one kind of strategic behavior, the SWE and the SCE involve two types of
this game-theoretic behavior: the active leader’s one and the reactive follower’s one. The
SWE is especially interesting, as it displays three kinds of decision making mode: the
competitive one, the monopolistic one and the strategic/parametric one.
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