Price Taking as the Asymptotic Limit of Strategic
Behavior

Leonidas C. Koutsougeras *"

aSchool of Social Sciences, University of Manchester, Arthur Lewis 3.016, Ozford Road, Manch-
ester M13 9PL, UK.

PCORE, Université Catholique de Louvain, 34 Voie du Roman Pays, 1348 Louvain-la-Neuve,
Belgium.

1 Introduction

It is widely accepted among economists that in a system of markets where
individual participants are small relative to the market size, individuals
have a negligible effect on the determination of market outcomes, so they
may be thought of as exhibiting a 'price taking’ behavior. Of course, in
order to make sense of this statement one has to attach a meaning to ’a
small individual relative to market size’. In this way it would be possible
to distinguish when price taking is a reasonable assumption and when it is
not. The significance of the price taking hypothesis in economics calls for
a formal clarification of this point -a 'theory of competition’ so to speak.

One of the tools of economic theory to this effect is the asymptotic study
of equilibrium outcomes of finite economies, when the number of individ-
uals increases without limit. The idea is that if we can identify conditions
under which equilibrium outcomes of finite economies converge asymptot-
ically (in some sense) to Walrasian ones, then we would have a context
where individuals have negligible effect on market outcomes and hence
when ’price taking’ can be justified as a reasonable hypothesis. An alter-
native way to view the asymptotic study is as a link between ’large finite’
and 'atomless’ economies. In atomless economies 'negligibility’ is built in
the non atomicity of the measure of the space of agents. If a large finite
economy is to be thought as a reasonable substitute of the idealized con-
tinuum model, it should be the case that equilibrium outcomes of a large
finite economy are close to those of the atomless limit, i.e., the equilibrium



outcomes of the former should asymptotically converge (in some sense) to
those of the latter as the number of individuals increases.

Asymptotic studies have been performed for a variety of equilibrium no-
tions which have been developed in finite economies. For the most part
asymptotic studies focus on the limits of the core! and Nash equilibria,
mainly because those notions are associated with the traditional theories
of Edgeworth and Cournot, which are prevalent in economic theory.

In this paper we study the asymptotic limits of Nash equilibria of strategic
market games. This issue has been addressed by several authors, Dubey
and Shubik (1978), Mas-Colell (1982), Peck and Shell (1989), Sahi and
Yao (1989), Amir et. al. (1990) among many others, albeit in the frag-
ile context of sequences of economies obtained through replication.? Be-
sides the particularity of this type of sequences (finite number of types
of individual characteristics), the above results are shown only for ’type
symmetric’ Nash equilibria. Note that in replica sequences type symme-
try is a property of the core (known as ’equal treatment’), but not of Nash
equilibria.

By contrast, our results apply to more general sequences of economies
with characteristics drawn from compact sets and do not depend on type
symmetry. One of our results provides also a rate of convergence. In this
way we address the issue of asymptotic convergence of Nash equilibria,
at the same level of generality as some known core convergence results.
Our approach is based on the idea in Koutsougeras (2007) of measuring
individuals’ departure from price taking, via the wedge between the hy-
perplanes defined by the price vector and the supporting hyperplane of
the indifference surface through the equilibrium bundle. We then demon-
strate that under suitable assumptions on the distribution of individual
characteristics® this wedge becomes arbitrarily small as the number of
individuals converges to infinity.

1 See Anderson (1992) for a survey of core equivalence results and references.

2 In some related papers but somewhat distinct in scope, Peck and K. Shell (1990) features
an asymptotic exercise where the number of agents remains finite but the volume of trade
increases without limit, while Postlewaite and Schmeidler (1981) shows that Nash equilibria
are Walrasian for a properly defined 'nearby economy’.

3 Remarkably these assumptions are the same as in the case of core convergence.



2 The model

Let H be a finite set of agents. There are L commodity types in the
economy and the consumption set of each agent is identified with %_LF Each
individual h € H is characterized by a preference relation =,C R x R
and an initial endowment e, € R\ {0}. We use the following assumption:

ASSUMPTION 1 Preferences are continuous, convex and strictly mono-
tone.

Denote by P, the set of preferences that satisfy (1) endowed with the
topology of closed convergence. Let T' C Pep, x RE. An economy is defined
as a mapping £ : H — T.

We now turn to describe a strategic market game, which proposes an
explicit model of how exchange in the economy takes place.

2.1 Trade using inside money

We will develop our results for the strategic market game version appear-
ing in Postlewaite and Schmeidler (1978) and in Peck et. al. (1992) which
is described below.

Trade in the economy is organized via a system of trading posts where
individuals offer commodities for sale and place bids for purchases of com-
modities. Bids are placed in terms of a unit of account. The strategy set
of each agent is Sy, = {(bn,qn) € R* : ¢}, <), i =1,2,...,L}. Given a
strategy profile (b, q) € Ilner Sp let B = Ypep bl and Q' = Ypen ¢, de-
note aggregate bids and offers for each i = 1,2,..., L. Also for each agent
h denote B', = Skth b, Q' = > kth qi.. For a given a strategy profile,
the consumption of consumer h € H is determined by z, = e, + 23 (b, q),
where for 1 =1,2,..., L:

i %Qi —qj, if $f, %Qﬁ > i b,
Zh (b7 Q) -

(1)

—q otherwise

and it is postulated that whenever the term 0/0 appears in the expressions

above it is defined to equal zero. When B‘Q" # 0 the fraction 7' (b, q) = %



has a natural interpretation as the (average) market clearing 'price’. The
relation Y& | 7i(b, q)q}, > L | b} is a "bookkeeping’ restriction which en-
sures that units of account remain at zero net supply (inside money). The
interpretation of this allocation mechanism is that commodities (money)
is distributed among non bankrupt consumers in proportion to their bids

(offers), while the purchases of bankrupt consumers are confiscated.

An equilibrium is defined as a strategy profile (b, q) € [Tren Sy, that forms
a Nash equilibrium in the ensuing game with strategic outcome function
given by (1). Let N(E) C Ilpen Sy denote the set of Nash equilibrium
strategy profiles of the strategic market game and N (€) C RL the set of
consumption allocations corresponding to the elements of N(&).

The following notation and familiar facts will be useful in the sequel. Fix

(b—n,q-n) € Mz Sk and let* gx(y) = =L, %@f’é) The set of allocations
—h h
which an individual A € H can achieve via the strategic outcome function

is given by the convex set

cn={yeRL () <0,y < Q_p+ep}

i.e., (bn,qn) € S, = en + 21, (b,q) € cp. Conversely, x;, € ¢, = I(bn, qn) €
Sy s.t. xp = en + 21, (b, q). Thus, due to the bankruptcy rule, at an equi-
librium with nonzero bids and offers we have: z € N (&) if and only if:

(i) = x(b, q), for some (b,q) € [[ S
heH

(ii)VhEH, chﬂ{y€%£:y>hfh}:@ (2)

We say that € N(€) is fully active if for the corresponding (b,q) € N(€)
we have w(b,q) > 0, i.e., there is trade in all commodities. In the sequel
we will focus on such equilibria. °

2.2 Strategic vs price taking behavior

Let us fix a fully active Z € N(E) corresponding to a strategy profile
(b,q) € N(&). Consider one h € H and denote z, = Zj, — €.

4 In order to save on notation we omit the dependency on (b_p, q_p). In the results the values
of those variables will be fixed so no confusion should arise.
5 Alternatively we could consider the subset of commodities L’ for which there is active trade.



The monotonicity of preferences implies that g,(z,) = 0, i.e., Z;, lies on
the boundary of the convex set ¢;,, which is C?. Since preferences are
also convex, by the separating hyperplane theorem there is a p; € %fr,
specifically p, = Dgp(21), where Dg,(-) denotes the gradient of gj(-),
such that

w = Tp = ppw > ppZp and w € ¢ = ppw < PRIy (3)

Using the definition of ¢;, we have

om0 < (hagg)

Now observe that if for some A, > 0, pp, = A\p7(b, §) then the behavior of
such an individual would be identical to price taking at the market clearing
prices 7(b, q). To see this notice that because 7 (b, §) > 0 (7 is active) there
is a cheaper point, i.e., w € RE with 7(b, Q)w < 7(b, )z, = 7 (b, §)ey. Since
furthermore preferences are continuous and convex, the first part of (3)
implies y = ), = 7(b, @)y > (b, q)ey,. Finally, n(b, )z, = m(b,q)ep,.

Therefore, the measurement

_ i (b, q) . }
0p(Z) = max c————112,7=1,2,...,L 5)
h() { p‘,yl 7Tl<b,Q) ’ ()

serves as an indicator of ’how far’ the strategic behavior of individual
h falls from price taking.® Clearly, for each agent h we have §,(z) > 0
and T is Walrasian if (and only if) 6,(Z) = 0 for each agent h. There-
fore, a sequence of market game price-allocation pairs tends to become a
price taking one, if (and only if) the above indicator tends to zero (in an
appropriate sense) for all individuals.

We are ready now to proceed with the results of this paper.

3 Results

For the results that follow we consider a sequence {&,},en of economies
E, : Hy — Peyn x [0,7]F, where #H, — oo, lim#%zhegn ep, > 0 and

6 TIn the case of C? preferences, the indicator 6y, (+) coincides with 73 (-) in Koutsougeras (2007).



associated =, € N(&,), for each n € N which are fully active. Let
(bn,qn) € N(&,), be the corresponding strategies and z,; = z,, — e
the corresponding net trades for each h € H.

The following result is shown in Koutsougeras (2007) and its proof applies
unchanged here.

THEOREM 1 For each € > 0, there is an n. € N so that for alln > n,

1
YT #{h € H, : 0p(z,) > €} <€
or equivalently
1
T -#{h € H, : 6p(x,) > €} =0

The above theorem asserts some kind of convergence (in measure) for our
indicator. Its strength is that it requires no assumptions, so it applies to
all sequences of active Nash equilibria. On the other hand it hardly fits
the bill: we still need to show some convergence of the Nash equilibrium
allocations themselves. Furthermore, we need to ensure that 'most’ of
the commodities are consumed by 'most’ of the individuals who exhibit
’almost’ a price taking behavior, as the above theorem asserts. We proceed
with two lemmas which will be useful to us in pursuing this end.

LEMMA 1 Define A(k) ={h € H, :| 2}, |< kr fori=1,2,..., L}, where
k>L—1. Then #A(k) > (1 — 25)#H,.

Proof :

Define T;(k) = {h € H,:| 2z, |>k- 7“}, for i = 1,2,..., L. Notice that
Ti(k) = {he H,: 2., >k-r}U{h€H,:z, <—k-r}. However, the
second term is empty so Tj(k) = {h € H, : 2}, ), > kr}.

Also notice that #A(k) = #H, — # (U{;l Tz(k;))
From the definition of T;(k) it follows that:

#Ti(k) - k-r< > 2,
heTy(k)



7 h )
:Qn Z LZ'_ Z )

heT; (k) Bn heT;(k)

<QL- X q;,h
heT; (k)

= > q;z,h

h#T; (k)

Therefore, we conclude that #7T;(k) < #H,, - k+1

It follows that # (UL, T;(k)) < =k, Ti(k) < #H, - 7.

Hence, #A(k) = #H, — # (UL Ti(k)) > #H, - (1 — 155) O

LEMMA 2 Suppose that limn_,oo##HZhGHn epl, > alp > 0. There is a
subsequence (still indexed by n), and € > 0 so that, for eachi=1,2,... L
we have: #{h € Hy, : xl,;, > €} > #H,e.

Proof -

Suppose not. Then for each ¢ > 0 we have for n large enough there is

= 1,2,..., L so that —#{h € H, : x,;, > €} < e. By passing to
a subsequence if necessary it can be assumed that for some ¢ we have
ﬁ#{h € H, : x,;, > €} < € for n large enough.

For each M > 0 consider a truncation {x%M} /-y of the original sequence:

iar | Top oy, <M 6
xn,h — . ( )
M  otherwise

This sequence is non decreasing, 2™ < 2t VM € N and 22M — 2! as
M — oc.

Given 0 < € < M we have that:

M M M
Y. owy, = Z T + Z Toh
heHy {hGHn:x;’%]Ze} {hGHn:o:;’f\,f<e}
<M#{h € H, : :U;Aff > e} +e#{h € H,: xff\f < €}
=M#{h € H, :xz,, > et +e#{h € H, : z},), < ¢}



<Me+¢€

. . M
Therefore, for each M we have lim,, #% Shet, Tpp = 0.

Fix 0 < § < a. We have that:

VYM,3ny € N s.t. > x <6,Vn2nM

#Hn heH,,

i,M

In particular, #% 2 heH,,, Tny, h < 6, for all M. Since 22M — 2! we have

that for each index nyy, #H 2 heH, nM,h <.

M
But lim,,_ #}{ S heH, xﬁlh hmn_>oo #H SheH, eh > a > 0, which im-
plies that for nj; large enough #H 2 heH,,, xl, > 0, contradicting
the preceding statement. This contradiction establishes the claim of the
lemma. O

We now turn to develop an asymptotic convergence theorem, by introduc-
ing appropriate assumptions on the distribution of characteristics along
a sequence of economies. In particular, consider a sequence of economies
&, H, — T where T C P, x [0,7]" is compact. For such sequences the
set of Nash equilibrium allocations is uniformly bounded as the following
result shows.

PROPOSITION 1 Let {&,}nen be a sequence of economies, &, : H, — T
where #H, — oo and let z, € N(E,), for each n € N be fully active.
There 1s B C §R_LH which s bounded and depends only on T, such that
foralln € N x,) € B for each h € H,, i.e., the set of Nash equilibrium
allocations remains uniformly bounded along a sequence of economies with
characteristics drawn from T

Proof :
Step I Let 1, = m(by, ¢,) and normalize prices so that X, 7! = 1.

Suppose that sup{xflh :h € H,} — oo for some j = 1,2,..., L. Then

it must be sup{ P qi’h . h € H,} — oo. It follows that m/ — 0.

Hence, there must be 7! > 1/L for some i # j along a subsequence, so
it /7l — oo.



Step II By lemma (2), passing to a subsequence if necessary, we may
assume that for some 1 > € > 0,

#{heH,:x,,>ct>#H, (7)

Also by lemma 1, setting & > 2Le~! — 1, we have that for all n € N,

#{heH, |2, |<@Le = 1)rVi=1,2, .. L} > #H,(1 - g) (8)

Step III We now show the following claim: for some subsequence (still
indexed by n) there exists M > 0 so that:

P} €
#{h e H,: pz < M} > #Hy (9)

=

Suppose not. Then for every M > 0 we have #{h € H, : i < M} <

#H, 5 or equivalently #{h € H, : ﬁ? > M} > #H,(1—5). In conclusion
h
we have for every M > 0

>

#{h € H, : Z: <M > #H,(1 - ;) (10)

In this case, (10) along with (7) and (8), imply that for each n € N there
is h, € H, so that the following are true: | 2, |< (2Le ' —1)r -1y, so
that along some subsequence (still indexed by n) z,, — 2, zj, +e€), > €

i
and 2 — (.

Py,
The compactness of T" implies that, by passing to a subsequence if neces-
sary we may assume that (= ,ep ) — (=,e) € T

Consider for each n € N the vectors ¢, € RL where ¢!, = —iﬁb—”, t =1
hn .

and ¢, = 0 for [ # i, j. For these vectors we have that p, t, = 0, [ti| < ¢

for n large enough, t,, — t > 0 and ¢ # 0. By the convexity of preferences

it must be that 2, +ep, =p, 2zn + en, + t,. Taking limits we conclude

that z + e = z + e + t which contradicts the monotonicity of >. This

contradiction establishes our claim that (9) is true for some M > 0. So in



this step we can conclude that there exists M > 0 so that:

#H ph>M}<1_2 (11)

Step IV Since 7' /m) — oo we have that 7’ /m/(1 —€) > M for n large
enough. Furthermore, by theorem (1) we have that for n large enough:

(:cn)<e}>1—5

#H

But then for n large enough we have the following string of inequalities

1 1 ph i }
heH,: " >M h e H, > (1 —e¢
#H, { B } #H { N7 W%( )
>1—E
- 2
which contradicts (11). O

We can now prove the following result.

THEOREM 2 Consider a sequence of economies {&, }nen, where &, : H,, —
T, #H, — 0o and T C Py, x [0, s]F is compact. Let (b,,q,) € N(&,) and
suppose that for some [ > 0, ﬁ@n > (1, for n large enough, so that
the corresponding x, € N'(&,) 1s fully active. Then given any € > 0 there
is N so that if #H, > N then 6,(z,) <€, Vh € H,.

Proof: Since T is compact by proposition (1), we have that for each
he H,, || zon |I=I| ®nn —en ||< clp for some ¢ > 0.

Furthermore, since for n large enough ﬁ@n > (1, by passing to a
subsequence if necessary we may assume that there is & > 0 so that

#{h € H, : qi > &Y > #H,¢ for all i = 1,2,..., L. In this case, when n
is large enough, we have that for all h € H,,:

G =Q =, > Q= s > #HE — s

Fix one h € H,. We have "h <#H52 foralle=1,2,..., L. It follows

10



that

pilf"L . ﬂ—j(z)a Q) 1 |:| %—h(@%,—h o Z?i,h) 1 ‘
p, ™09 (@ —n = 2 1)
Z'ﬁl,h Zzhh
i J
S
1 _ Z;L,}L 1 _ Z_:ILL,}L
no—h no—h
c
< 2 #Hn§2_5
=1
#anz—s
C
=2 12
#Hn£2 —§—=C ( )
Hence 0p,(x,) = max{| ZZ : % —11]:4,7=1,2,.. .,L} < 2%. There-

fore, given € > 0 by choosing N = QC%(‘;“) we have that if #H,, > N then

On(x,) < € for every h € H,, as desired. O

4 Purely competitive sequences of economies

The results of the previous section can become more transparent by con-
sidering sequences of economies converging to a limit. To this end in this
section we will consider 'purely competitive’ sequences of economies (see

Hildenbrand (1974) p.138) which are defined as follows.

Let T' C P X %i be compact. Consider a sequence {&,}n,en, where
&, : H, — T such that:

(77) The sequence of distributions of characteristics (i, ) converges weakly
on T

(737) If g =lim p, then [e du, — [e dp.
() [e du > 0.

Let {&€,}nen be such a sequence and consider a sequence of fully active
Nash equilibria x,, € N(&,). Since T is compact, it follows by proposition
(1) that {z,}, 5 is uniformly bounded, so we can extract a subsequence

11



(still indexed by m) which converges in distribution, i.e., by defining for
each B € RF )\, (B) = ﬁ# {h € H, : x,), € B} we have that A\, — A
weakly.

Denote now by 7, the joint distribution of (£,,z,) : H, — T x R~
The sequence (7,),.n is tight since the sequences of its marginal dis-
tributions are tight, so we may assume, by passing to a subsequence if
necessary, that 7, — 7 weakly. Hence, this sequence of economies and
associated allocations admits a continuous representation (see Hilden-
brand (1974) proposition 2 p. 139): there is an atomless measure space
(H,H,v), (£,2) : H — T x R and measurable functions a, : H — H,,
so that (&, (ay),%na,) — (£,7) ae in H and the respective distributions
of (€, (an),Tna,) and (€, x) are 7, and 7 respectively.

Using this continuous representation, our indicator can be extended in a
natural way on H, by 4 (Zn.4,) = da,(n) (¥n). The meaning of theorem (1)
can be made more transparent as follows:

LEMMA 3 0y, (Zn.0,) — 0 in measure.
Proof :

By definition of a continuous representation of the sequence of economies:

v({h € H : 6,0 (Tna,) > €})
v (a;l ({h € H, : 0, (-rn,an) > 6}))

_ #Zn# (heH,: ou(z,)> €}

v ({h € H: o, (Tn.a,) > 6})

By Theorem (1) the righthand side converges to zero. O

The following proposition establishes that the allocation x is Walrasian for
the economy &, provided that the associated sequence of strategic prices
does not converge to the boundary of §R£

PROPOSITION 2 Let z,, € E(&,), for each n € N be fully active and sup-
pose that the sequence of associated strategic market game prices {m, }nen

are such that no subsequence converges to the boundary of %ﬁ Then
on () =0, ae in H.

Proof :

12



Normalizing prices so that ©F | 7/ = 1, for each n € N, we may assume, by
passing to a subsequence if necessary, that 7, - p > 0. Fort=1,2,...,L
let b}, = p'al and ¢}, = €} ae in H. It can be verified that 7(b,q) = p and
en+ 21, (b, q) = xp. Thus, 0;, (z) is well defined and since (&, (ay,) , Tna,) —
(€,z) ae in H, it follows by continuity of dy, (-) that & () = lim 0y, (2,4, ),
ae in H. By lemma 3 above, 0y, (Zna,) — 0 in measure so there is a
subsequence o (:L‘nk’ank) — 0 ae in H. Since 0y, (x) = lim o (a:nk’ank), ae in
H, it follows that it must be o, (x) =0, ae in H. O

5 Concluding remarks

Notice that the proof of theorem (2) provides a rate of convergence which
depends on the set of characteristics T' (the constants ¢ and s), but it
also depends on the sequence itself (the constant &, which in turn depends
on ( -the uniform lower bound on offers). This is sensible because in
strategic market games there is no parameter (5 that works for all possible
sequences: it is possible that some sequences of prices converge to the
boundary of the simplex, irrespectively of the set of characteristics. In that
case the corresponding sequence of active equilibria converges to one where
some markets are inactive, which typically will not be Walrasian. For the
same reason a similar qualification on the sequence of Nash equilibria
was needed in proposition (2). Hence, the results in this paper must be
understood as asserting that the limit of all sequences of Nash equilibria
which remain active in the limit is Walrasian.

13
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